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Abstract. We describe arbitrary multiplicative diflFerential forms on Lie groupoids 
infinitesimally, i.e., in terms of Lie algebroid data. This description is based on the 
study of linear differential forms on Lie algebroids and encompasses many known 
integration results related to Poisson geometry. We also revisit multiplicative mul- 
tivector fields and their infinitesimal counterparts, drawing a parallel between the 
two theories. 
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1. Introduction 

This paper is devoted to the study of multiplicative differential forms on Lie 
groupoids, with focus on their infinitesimal counterparts. Given a Lie groupoid 
Q over a manifold M, recall that a fc-form oj £ is called multiplicative if 

m*uj = pr*a; + pr2Ct;, where m : t/^^-* = G Xm G Q the groupoid multiplication, 
and prj : Q^'^^ Q, i = 1,2, are the natural projections. Our goal is to characterize 
multiplicative forms on Q solely in terms of information from its Lie algebroid. We 
will also discuss the analogous problem for multiplicative multivector fields. 
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Multiplicative differential forms and multivector fields on Lie groupoids have been 
studied for over 20 years in a variety of contexts. On Lie groups, multiplicative 
bivector fields came to notice in the late 1980s when the concept of Poisson Lie group 
(see e.g. [20] and references therein) was systematized. Multiplicative 2-forms on 
Lie groupoids appeared around the same time as the symplectic forms on symplectic 
groupoids [9, 29], originally introduced as part of a quantization scheme for Poisson 
manifolds. Poisson Lie groups and symplectic groupoids naturally led to Poisson 
groupoids [30], which gave further impetus to the study of multiplicative structures. 
In particular, multiplicative vector fields on Lie groupoids turn out to encompass 
classical lifting processes of general interest in differential geometry, see [23]. There 
are further connections between multiplicative 2-forms and bivector fields and the 
theory of moment maps, found e.g. in [4, 5, 18, 25, 31]. 

A central issue when considering multiplicative geometrical structures on Lie 
groupoids concerns their infinitesimal description, i.e., their description in terms 
of Lie-algebroid data. As usual in Lie theory, relating global and infinitesimal ob- 
jects involves suitable differentiation and integration procedures. Important classes 
of examples of multiplicative structures and their infinitesimal counterparts include 
Poisson Lie groups and Lie bialgebras (sec e.g. [20]), symplectic groupoids and Pois- 
son manifolds (see [7, 9]), and, more generally, the correspondence between Poisson 
groupoids and Lie bialgebroids [22, 24]. Dirac structures [10, 28] fit into a similar 
picture, being the infinitesimal versions of certain multiplicative 2-forms, sec [5] . As 
observed in [11], generalized complex structures [16, 17] provide another class of 
geometrical structures encoding infinitesimal information that can be integrated to 
multiplicative structures on Lie groupoids. In establishing these infinitesimal-global 
correspondences, different methods have been employed, some based on the inte- 
grability of Lie-algebroid morphisms, e.g. [3, 22, 24], others on infinite-dimensional 
arguments, e.g. [5, 7, 8, 18]. Although identifying the infinitesimal versions of mul- 
tiplicative forms is key in some of the aforementioned works, only special cases of 
this problem have been considered. In this paper, we treated it in full generality. 

Prom yet another perspective, multiplicative differential forms arise as constituents 
of the Bott-Schulman double complex of Lie groupoids [2] (see also [1] and references 
therein), which computes the cohomology of their classifying spaces. So the problem 
of understanding multiplicative forms infinitesimally may be seen as part of the 
problem of finding infinitesimal models for the cohomology of classifying spaces. 
This broader viewpoint is explored in the recent work [1], leading to results closely 
related to ours; a comparison between them is also discussed in this paper. 

Our approach to describe multiplicative forms infinitesimally starts with the study 
of linear differential forms on vector bundles A — ^ M. Wc observe (Theorem 2.5) 
that any linear /c-form on A is equivalent to a pair (/i, u) of vector-bundle maps 
fi : A ^ A^-^r*M, : A ^ A^T*M, covering the identity on M. If A carries a 
Lie algebroid structure, with bracket [■, •] and anchor p, we say that the pair (/x, v) 
is an IM k-form {IM standing for infinitesimally multiplicative) if the following 
compatibility conditions are satisfied: for all u,v ^ ^{^)^ 



(1) VCu)/^(^) = 

(2) ix{[u,v]) = Cp(u)Kv) - ipiv)dl^{u) - ip(v)^{u), 

(3) iy{[u,v]) = Cp^^)i^{v) - z^(„)dz/(n). 
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We prove in Theorem 4.6 that multiphcative /c-forms on a source-simply-connected 
Lie groupoid Q over M are in one-to-one correspondence with IM A;-forms on its Lie 
algebroid A M. Concretely, the IM A;-form (/x, u) associated with a multiplicative 
k-form UJ € O'^(^) is defined by 

{lJ,{u),Xi A ... A Xfc„i) = uj{u,Xi,. . .,Xk-i), 

{u{u), Xi A . . . A Xk) = duj{u, Xi,..., Xk), 

where Xj G TM, i = 1, . . . , k, and we view M C Q and A C TQ\m- 

A special class of IM-forms is obtained as follows. Any closed form (f) G r2'^+^(M) 
determines a map v : A ^ A^T*M, I'iu) = —ip(u)4'> satisfying condition (3) above. 
The IM fc-forms (n, with ly of this type are referred to as IM k-forms relative to 
(p; they are the infinitesimal versions of multiplicative fc-forms satisfying 

duj = s*0 — t*(/), 

where s and t denote the groupoid source and target maps. For k = 2, IM forms 
relative to (f) include ^twisted Poisson and Dirac structures [28], and our Theorem 4.6 
recovers their known integrations [5, 8]. For arbitrary k, IM forms relative to <p were 
studied in [1] in connection with the Weil algebra of a Lie algebroid. These and 
other examples are discussed in this paper. 

The method we use to integrate IM forms on Lie algebroids to multiplicative forms 
on Lie groupoids relies entirely on the known correspondence between Lie-algebroid 
and Lie-groupoid morphisms (Lie's second theorem for Lie algebroids); in particular, 
we do not resort to the path spaces of [7, 12, 27], hence avoiding infinite dimensional 
constructions. Although our method is inspired by [3, 22, 24], it brings a technical 
difference in that we represent differential /e-forms on a manifold A'^ by functions 
B'^TN -)■ M (as opposed to maps ®'^~'^TN T*N); this small variation greatly 
simplifies computations, so even when restricted to known situations, our general 
proof seems more direct than existing ones. The integration of IM forms is carried 
out in two steps: first, we show that an IM fe-form on a Lie algebroid A — > M 
defines an element in D,''{A) whose associated function (b'^TA ^ R is a Lie-algebroid 
morphism; second, upon integration, one obtains a groupoid morphism ^'^TQ M 
which defines a multiplicative /c-form^. 

In the last part of the paper, we revisit multiplicative multivector fields on Lie 
groupoids, as in [18]. We show how the very same techniques used to study mul- 
tiplicative forms apply to the dual situation of multivector fields, leading to an 
alternative proof of the universal lifting theorem of [18] (not involving path spaces) 
and drawing a clear parallel between the two theories. 

As a final remark, we note that the results in this paper admit a natural formu- 
lation in terms of graded geometry. Multiplicative forms and multivector fields on 
a given Lie groupoid G may be seen as multiplicative functions on the associated 
graded Lie groupoids T[1]Q and r*[l]^, respectively. On ordinary Lie groupoids, 
the infinitesimal counterpart of a multiplicative function is a Lie-algebroid cocycle. 
The same holds at the graded level and, from this perspective, our results consist 

■'^Forms on Q are commonly viewed as sections Q A^T'Q. The multiplicative ones, for A; = 1, 
are such that Q — ^ T*Q is a groupoid morphism. However, this viewpoint does not extend to 
> 2, as in this case A^T'Q inherits no canonical groupoid structure in general; in contrast, (b''TQ 
is always a groupoid and multiplicative forms are conveniently described by groupoids morphisms 
Qkrpg _^ analogous discussion holds for multivector fields. 
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in using the geometry of r[l]^ and r*[l]^ to obtain concrete descriptions of their 
Lie-algebroid cocycles. For example, using the the natural multiplicative vector field 
on T[l]^ (the de Rham differential on Q), one identifies its Lie-algebroid cocycles 
with IM forms (see Theorem 3.1); for an analogous description of the Lie-algebroid 
cocycles of the graded groupoid T*[1]Q (see Theorem 6.1), ones uses its canonical 
multiplicative symplectic structure (defined by the Schoutcn bracket on Q). We will 
not elaborate on the supergeometric viewpoint in this paper, though it makes our 
results more intuitive. 

The paper is organized as follows. In Section 2, we consider linear differential forms 
on vector bundles A ^ M and establish their correspondence with pairs of vector- 
bundle maps (/X, v), where fi : A ^ a'^~^T*M and v : A ^ a''T*M. In Section 3, we 
define IM A;-forms on Lie algebroids and prove a compatibility result with tangent Lie 
algcbroid structures (Theorem 3.1). Section 4 is devoted to Theorem 4.6, which is 
the correspondence between IM forms on Lie algebroids and multiplicative forms on 
Lie groupoids; we also discuss several special cases of this result. Section 5 explains 
the relationship between Theorem 4.6 and the Van Est isomorphism of [1] . In Section 
6, we revisit the theory of multivector fields from [18]. 

Acknowledgments. We thank D. Iglesias Ponte and C. Ortiz for helpful discus- 
sions related to this project. Cabrera thanks CNPq for financial support and IMPA 
for its hospitality and stimulating environment during the development of this work. 
Bursztyn's research has been supported by CNPq and Faperj. The authors acknowl- 
edge the anonymous referees for their many useful suggestions, especially regarding 
improvements in the introduction. 

Notation, conventions and identities. For vector bundles A ^ M and B ^ M 
over the same base M, a vector-bundle map ^ : A ^ B is always assumed to cover 

the identity map on M, unless stated otherwise. Wc denote its transpose, or dual, by 
: B* —7- A*. We denote the A;- fold direct sum of a vector bundle qa '■ A ^ M hy 
(B\,jA, or simply ®^A if there is no risk of confusion. We may also use the notation 
Y\g^ A if we want to be explicit about the projection map qa (this is relevant when 
dealing with double vector bundles). 

For a Lie groupoid Q over M, we usually denote its source and target maps by 
s and t. The set Q^"^^ G Q x Q oi composable pairs is defined by the condition 
s{g) = t{h), and the multiplication is denoted by m : Q^^^ Q, m{g, h) = gh. The 
unit map e : M — )■ is often used to identify M with its image in Q. The Lie 
algebroid of Q is AQ = ker(rs)|M, with anchor Tt\A : A M and bracket induced 
by right-invariant vector fields. For a Lie algebroid A — )■ M, we denote its anchor 
by Pa and bracket by [■, -Ja (or simply p and [•,•], if there is no risk of confusion). 

We introduce some notation and collect some identities that will be useful for later 
computations. If C/i, . . . , U,n are vector fields on a manifold M, we set 

(1-1) ^i!i,r-=ium---iur, r<m, 

where iu is the usual contraction. An inductive application of Cartan's formula gives 

m 

(1.2) Il,d = ^i-iy^' lg,i+^Cu + (-l)™d<i, 

1=1 
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where d denotes the de Rham differential and Cu is the Lie derivative. Given another 
vector field X and recalling the commutator formula i[x,Ui\ ~ ^xiui — iui^x, we 
obtain 

m 

(1-3) ^Xlm,i = XI ^m,l+lhx,Ui]I 1^-1,1 + Im,l^X- 

1=1 

Given a differential form a, we also have 

m 

(1.4) I^Mf A a) = ^(-l)'+M/(C/0/^,,+i/,^i,ia + (-l)™d/ A I^^^a. 

1=1 

We often use Einstein's summation convention when there is no risk of confusion. 

2. Linear forms on vector bundles 

In order to define linear forms, we recall a few facts about tangent and cotangent 
bundles of vector bundles. 

2.1. Tangent and cotangent bundles of vector bundles. Let qa '■ A — y M be 

a vector bundle, and let TA be the tangent bundle of the total space A. Besides its 
natural vector bundle structure over A, with projection map denoted by pA '■ TA — > 
A, it is also a vector bundle over TAI, with respect to the map Tqa '■ TA — > TM. 

It is useful to consider a coordinate description of these bundles. Let (x^) be 
coordinates on M, j = 1, . . . , dim(M), and let {e^} be a basis of local sections 
of ^4, d = 1, . . . , rank(A). The corresponding coordinates on A are denoted by 
{x\u'^), and tangent coordinates on TA by {x^ ,u'^,x^ ,u'^). In this notation, given 
X = (x^), the coordinates {u'^) specify a point in A^, (x^) a point in TxM, whereas 
(u^) determines a point on a second copy of A^, tangent to the fibres of A — > M. 
Note that pa{x^ ,u'^,x^ ,u'^) = {x^,u'^), and TqA{x^ ,u'^,x^ jU"^) = {x^,x^). 

Similarly, consider the cotangent bundle T*A, with local coordinates {x^ , u'^ , pj , ^d) , 
where {pj) determines a point in T*M, and {^d) a point in A*, dual to the direction 
tangent to the fibres of A — > M. In this case, besides the natural vector bundle 
structure ca ■ T*A — > A, ca{x^ , u'^ , Pj , £,d) = ix^,u'^), T*A is also a vector bundle 
over A* [23], with respect to the projection map given in coordinates by 

(2.1) r:T*A^A*, r{x^ ,u\pj,id) = {x' .id)- 

The total spaces TA and T*A are examples of double vector bundles, see [21, 26]. 
They fit into the following commutative diagrams: 

TA TM T*A A* 



PA 



Pm ca 



lA* 



A A 

QA QA 

where 

(2.2) PM : TM M, pm{x\x^) = (x^), qa* : A* M, qA'{x^ ,id) = {x^), 

are the natural projections. Recall, see e.g. [21], that the intersection of the kernels 
of the top and left arrows on each diagram defines a vector bundle over M, known 



as the core. In the case of TA, the core is identified with A — > M, with coordinates 
{x^ ,u'^); for T*A, the core is T*M, with coordinates {x^,pj). 

2.2. The structure of linear forms on vector bundles. Let A — > M be a 

vector bundle, with local coordinates {x^jU"^), and let us consider the A;-fold direct 
sum of TA over A, 

®'XTA :=TAXA... xaTA, 

locally described by coordinates {x^ , u"^ , x{, . . . , x-'i^, iif, . . . , iif) . It is a vector bundle 
over A, with projection map 

{x^,u'^, x{,...,xi,ui,..., ui) ^ {x^,u'^), 

and also a vector bundle over ®^TM = TM Xm ■ ■ ■ Xm TM, with projection map 

(x^vf', ij, . . . , ij., , . . . , u^) I—)- (x-', i;^, . . . , i^). 

Given a fc-form A G Q!^{A) on the total space of A — V M, let us consider the 
induced maps 

(2.3) A^:®\-'TA^T*A, A\Ui, . . . ,Uk-i) = iu,., ■ ■ -iu^^, 

(2.4) A-.e'XTA^R, A{Ui,...,Uk) = iu,...iur^, 
which are alternating and linear in each of their entries^. 

Definition 2.1. A k-form A is called linear if the induced map A" (2.3) is a mor- 
phism of vector bundles with respect to the vector bundle structures (b'^^TA — t- 
©^~^TM and T* A — > A* . The space of linear k-forms on A is denoted by ^^^^{A). 

In particular, A" covers a base map A : (B^~^TM — y A*, 

(2.5) e'X'^TA T*A 



®^-'^TM ^A*. 

A 

The map A is skew symmetric on its entries, so it can be viewed as a vector-bundle 
map A^^^TM — > A*. Its transpose is the vector-bundle map 

(2.6) A* : A — > h^'^T*M. 

A simple computation in coordinates shows the following. 

Lemma 2.2. Given a k-form A G O'^(A), the following are equivalent: 

(1) A IS linear. 

(2) In local coordinates {x^ ,u'^) on A, A has the form 

(2.7) A =iA,,...,,,rf(x)n'^dx^i A ... A dx^'=+ 

^1^^ -^y K-ik-id{x)dx'^ A ... A da;^'=-i A du'^, 
where \i^...ik-id = {Hd^h , ■ ■ ■ , ^^.i/c-i ), ed), and d^j = ^fj. 



^Notice that, since A" (resp. A) is multilinear in its entries, it is not a vector-bundle morphism 
from the direct sum ©^"^rA ->• A (resp. ®'=TA A) to T*A A*, unless k = 2 (resp. k = 1). 
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(3) The map A : (b'XTA — > M defines a vector-bundle map 
(2.8) e^TA 



^krpM ^ {*}. 

Given a vector-bundle map jj, : A — y f\^T*M, let us consider the linear /c-form 
A.^ on A given at a point u & Ahy 

(2.9) (A^)„ :=rg^|^/i(n). 
In local coordinates (x*,n°') on A, A^ is written as 

(2.10) (A^)„ = ^^jn,,„i^^a{xV<^x'^ A ... A dx'^ , 
where Hi^...ik,d is defined by 

/ , , d d 



Example 2.3. When k = I, a direct computation in coordinates shows that the 
linear 1-form A^, defined by the vector-bundle map /x : A — > T*M , satisfies 

(2.11) A^ = H*ecan, 

where 9 can = Pidx^ is the canonical 1-form on T*M. (When A = M — > M is the 
vector bundle with zero fibres, (2.11) recovers the well-known "tautological" property 

fJ'*(fcan = l^-) 

Lemma 2.4. A linear k-form A covers the fibrewise zero map in (2.5) if and only 
if it is of the form A^ (as in (2.9) ) for a vector bundle map /x : 

Proof. We can use Lemma 2.2, or argue more globally as follows. Consider the 
projection r : T*A — > A*, as in (2.1). One can directly check that 

ker(r)„ = (ker(TgAU))° = MTqMi), 

where ° stands for the annihilator. It follows from (2.9) that roA^ = 0, which means 
that A^ covers the fibrewise zero map in (2.5). Conversely, if A covers the fibrewise 
zero map, then r o A" = 0; so, given Ui, . . . ,Uk G TuA, A^(Ui, . . . , Uk-i) = rg^|*a 
for some a G T*^f^,^^M. Since A is skew symmetric, we conclude that A(?7i,...,?7fe) 
only depends on TqA\u{Uj), j = l,...,k. Hence, for each u G A, there exists 
/x(ti) € a'T*^j^,^^M such that (A)u = Tgyi|*;u(n). The linear dependence of fJ,{u) on 
u follows from the linear dependence of (A)^ on u, see (2.7); the resulting vector 
bundle map n : A — > /\^T*M is smooth by the local expression (2.10). □ 

Proposition 2.5. There is a one-to-one correspondence between linear k-forms A on 
A, covering a map A : ®''~^TM — > A*, and pairs (/x, u), where ji : A — > /\^~^T*M 
andv.A — > A^T*M are vector bundle morphisms. The correspondence is given by 

(2.12) A = dA^ + A^, 
where /x = (— 1)'^~-'^A*. 
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Proof. Let A be a linear fc-form on A, and set /x = (— 1)''~^A*. A direct computation 
using the local expression (2.10) and Lemma 2.2 shows that the A;- form dA^ is linear 
and covers the same map A, hence the linear A;- form A — dA^ covers the fibrewise zero 
map. By Lemma 2.4, there is a unique u : A — y f\^T*M such that A— dA^ = Ky. □ 

A direct consequence of (2.12) is that if A is a linear form, then so is dA. 

Example 2.6. Let A G ^^(^4) he a linear 2- form with dA = 0. According to the 
previous proposition, we can write it as A = dA^ + A,^, and A being closed amounts 
to dAy = 0; this condition immediately implies that v = 0, so A = dA^. Using 
(2.11), it follows that 

A = {X^YUcan, 

where oJcan = —ddcan = dx* A dpi the canonical symplectic form on T*M (see [19, 
Sec. 7.3], and also [3, Prop. 4.3]). 

2.3. Tangent lifts. We now briefly discuss linear forms obtained via the tangent 
lift operation [13, 32] (see also [3] and [23]), that assigns to any fc-form on a manifold 
M a linear A;-form on the total space of its tangent bundle pM '■ TM — >■ M. 
Let us consider the operation 

(2.13) r : Q'(M) n^'^TM), t{P)\x := {TpM\x)\ixP), 
where X e TM and / > 1; i.e., for f/i, . . . , C7;_i € Tx{TM), 

iui_i ■ ■ ■ iuiT{P)\x = /3{X,Tpm{Ui), . . . ,Tpm{Ui-i)). 

In the notation of Section 2.2, t(^) is a linear {I — l)-form on the vector bundle 
A = TM of type A^y, where 

u:TM — > A'-^r*M, u(X) = ixP. 

It directly follows from Example 2.3 that, if cj G r2^(M), then t{lu) = {Lu'^)*6can, 
where Ocan = Pidx^ is the canonical 1-form on T*M. 
The tangent lift operation, 

(2.14) n'=(M) n^iTM), a ^ ar, 

assigns to a G n''{M) the form ax G Q.^{TM) defined by the Cartan-like formula 

(2.15) OT = dr(a) +r(da). 

It follows directly from (2.15) that ax is linear and that the operation (2.14) is 
compatible with exterior derivatives, in the sense that (dQ;)r = day- 

We will also need an equivalent characterization of the tangent lift, see e.g. [13]. 
Given a G i7*^(M), consider the associated map 

a : ©^TM R, (Xi, . . . , X^) ^ a{Xi, . . .,Xk). 

Let Htpm T{TM) denote the fibred product with respect to the vector bundle 

TpM ■■ T{TM) — )• TM, Tpm{x^,x^,Sx^,Sx^) = {x^,5x^), 

where {x^ ,x\Sx\5x^) are the local coordinates on T{TM) induced by the tan- 
gent coordinates {x^,x^) on TM. We have a natural identification T{®^TM) = 
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nTpM ^(^-^)) so we can view the differential of the function a in C°°(®'^TM) as a 
map 

k 

da : Yl T{TM) M. 

TpM 

Note that the canonical involution 

(2.16) Jm ■■ T{TM) T{TM) , Jm {x^ , , Sx^ , Sx^ ) = {x^ , 6x^ , x^ , Sx^ ) , 
induces an identification 

k k 

Jm ■ n ^(^^) n '^(TM). 

Ptm TpM 

One can prove (see e.g. [13]) that, given a G Q,^{M), its tangent lift ar G ^l'^{TM) 
is uniquely determined by the condition 

k 

(2.17) af = daojl^^: J| T{TM) R. 

Ptm 

3. Linear forms on Lie algebroids 

3.1. Core and linear sections. Any vector bundle that fits into a double vector 
bundle admits two distinguished types of sections, known as linear and core sections; 
a detailed discussion can be found e.g. in [15, Sec. 2.3] and [21]. For our purposes, 
we are mostly interested in the particular (double) vector bundles (B\TA (and, later 
in Section 4, also in (B\T*A), so wc restrict ourselves to these cases. 

Each section u ol a vector bundle A ^ M defines a core section u and a linear 
section Tu of TA — >■ TM as follows. The tangent bundle of A along its zero section 
M ^ A naturally splits as TA\m = TM®A, and we can define, for each X G TxM, 
u{X) := X(x) + u{x), where the sum is with respect to the previous decomposition 
of TA\m- The linear section Tu : TM — )• TA is obtained by applying the tangent 
functor to u : M — >■ ^. 

Let us consider local coordinates (xJ) on M, a basis of local sections {e^} of A, 
and dual basis {e'^} of A*. As in Section 2, we denote the corresponding coordinates 
on A by (x-', m*^), and on A* by {x^,^d,), while coordinates on TA are denoted by 
{x^ ,u'^,x^,u'^), and on T* A by {x^ ,u'^,Pj,U)- 

The core and linear sections of TA — >■ TM defined by a local section ea of A are 
explicitly given by 

(3.1) ea{x\x^) = (x^ 0, <5f ), Tea{x^ ,x^) = {x^St 0), 

where is the d-th component of Ca, i.e., 1 if d = o or zero otherwise. 

More generally, ea locally defines two types of local sections of ®\TA — > ®^TM 
as follows: the first type is given, for each n G {1, . . . , A;}, by 

(3.2) ea,n{xi ®...®Xk):= 0(i;i) © . . . © 0(i;„_i) © ea(xn) © 0(a;„+i) © . . . © 0(a;fc), 

where = {x^,xj) belongs to the Z-th component of ©'^T'M and 0(xi) = {x^ ,0,xj,0); 
the second type is 

(3.3) (rea)'=(xi ®...®Xk):= Tsaixi) © ... © Tea{xk). 
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The sections ea,n and (Tea)'' are the core and hnear sections on (b\TA, re- 
spectively. A key property is that they generate the module of local sections of 
q'XTA — > ®''TM. Note also that, under the natural projection e^TA — > A, core 
sections ea,n are sent to the zero section of A — > M, while linear sections {Tea)^ 
map to the section Cq. 



3.2. Tangent Lie algebroids. Suppose that A — > M carries a Lie algebroid struc- 
ture (see e.g. [6, 21]), with Lie bracket [•, ■]a on T{A) and anchor map '■ A — > TM. 
Then the vector bundle TA — )• TM inherits a natural Lie algebroid structure, 
known as the tangent Lie algebroid, see e.g. [22]. We will need local expressions for 
the tangent Lie algebroid in terms of the coordinates introduced in Section 3.1. 

The Lie algebroid A — > M is locally determined by structure functions pi and 
C^^ defined by 

d 

(3.4) PAiea) = P'a-Q^-, [ea, Cbj^ = C^feCc. 

The tangent Lie algebroid structure on TA — > TM is defined in terms of core and 
linear sections (3.1) by 

Q(jc 

(3.5) [e„, 661^^ = 0, [Tea,ei]TA = Cl^ec, [Tea,Teb]TA = C'abTec + -^ec, 

(3.6) PrAiTea) = p'^-^+x^^^, PrAea)=P>a^. 

In (3.6), we have identified points in T{TM), written in coordinates as {x^ ,Sx^ ,6x^), 
with tangent vectors 



Sx^ TT^ + Sx^ 

ox^ ox^ 



We notice that the tangent Lie algebroid induces a Lie algebroid structure on the 
direct sum Q^TA — > ®^TM. This is a general property of VB -algebroids [15, Sec. 
2.1], which we directly verify in this example. A simple consequence of (3.5) and 

(3.6) is that if U and V are local sections of TA — y TM, each of type Co or Tea, 
then 

(3.7) Tpm{Pta{U)) = Pa{jpa{U)), pa{[U, V]rA) = \pa{U),pa{V)U 

where pM '■ TM — > M and pA '■ TA — y A are the natural projections. It follows 
from the first equation in (3.7) that \iUi®...®Uk& ®\TA is of type (3.2) or (3.3), 
then 

Tpm{Pta{Ui)) = TpM{pTA{Um)), VZ, m G {1, . . . , k}. 

As a result, {pta{Ui), . . . ,PTA{Uk)) defines an element in Htpm T{TM). Using the 
natural identification Ylj.^^^^T{TM) = T{®^TM), we obtain a vector bundle map 
Pk : ®\TA T{®^TM)'' 

(3.8) pk{Ux e . . . e c/fe) := pta{Ux) e . . . e PTA{Uk). 
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Writing ®^TM in local coordinates {x^ ,x\, . . . we have the following explicit 
formulas: 

■ d 

(3-9) Pk{ea,n) = Pi^^ 

OXn 

(3.10) PkiiTeaf) = pi^ + ^in^, 

n=l 

where W^n = 4iS e C°°(©*=rM). 

The second equation in (3.7) implies that if C/i © . . . © ?7fc and Fi © . . . © are 
local sections of q'XTA — > ®^TM of type (3.2) or (3.3), then 

(3.11) [[/i©...©C/fc,yi©...© Vfe]fe := [Ui,Vi]TA®---®[Uk.Vk]TA 
is a well-defined local section of (B^TA — > (B^TM. Explicitly, we have: 

(3.12) [ea,n,eb,m]k = 0, 

(3.13) [iTea)\eb,m]k = C^bed,m 

(3.14) [(^e„)^ {Teb)% = Ci,{Teaf + J] i^^e,,„. 

n=l 

The induced Lie algebroid structure on ©^TA — > (B^TM is defined by pk and 
the extension of [■,-]k to all sections via the Leibniz rule^. 

3.3. IM- forms. Let A G ^^{A) be a linear fc-form on a Lie algebroid A — > M, 
A; > 1. Following Prop. 2.5, let : A — > a''-^T*M and : vl — > A^T*M be the 
vector-bundle maps such that A = dA^ + ky. Let us consider the bundle map 

(3.15) ®\TA 



®^TM > {*}. 

The following is the main result of this section. 

Theorem 3.1. The map (3.15) is a Lie algebroid morphism if and only if the fol- 
lowing holds for all u,v & ^(A): 

(3.16) ip{u)P{v) = -ip(v)p{u) 

(3.17) ii{[u, v]) = Ci,(u)P{v) - ip(v)<^p{u) - ip{y)v{u) 

(3.18) v{[u, v]) = Ci,(u)^{v) - i^(^)dz/(u). 

For a Lie algebroid A M and vector-bundle maps 

H:A^ a''-^T*M, v.A — > a''T*M, k>l, 

we say that the pair {p,i^) is an IM /c-form on A if conditions (3.16), (3.17) and 
(3.18) are satisfied. The terminology IM stands for infinitesimally multiplicative, and 
it will be clarified in Section 4. The space of IM A;-forms on A is denoted by ^im{A). 



"^We adopt the simplified notation pk, [■, -jk, instead of p^ib and [•, -J^fc in particular, pi 
Pta and [•, -Ji = [•, -Jta. 
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We note that Theorem 3.1 can be alternatively phrased in terms of the map A" 
(2.5), as this map is a Lie algebroid morphism if and only if so is A. 

Remark 3.2. Given an IM-form (n,!^), it follows from (3.17), using the skew- 
symmetry and Jacobi identity for the Lie algebroid bracket [•, •] on T{A), that v 
automatically satisfies 

(3.19) iy{v) = -ip(^^) iy{u) , 

(3.20) ~ + c-P- = 

for all u,v,w E: ^{A), where c.p. stands for cyclic permutations in u, v, w. 

Example 3.3. Consider a Lie algebroid A ^ M and a k-form rj G O'^(M). Then 
the pair {/i, v) of vector-bundle maps 

H: A^ a'^'"^T*M, fi{u) = -ip(„)?7, and v : A^ a''T*M, u{u) = -ip(„)dr?, 

defines an IM k-form on A. 

Example 3.4. Let A ^ M be a Lie algebroid, and let (j) G Vt^^'^{M) he such that 
'>'p(u)'^4' = 0, Vt( G r(^)- One directly checks that the vector-bundle map u : A — > 
/\^T*M given by 

(3.21) u{u) := -ip(„)0 

verifies (3.18). The particular IM k-forms {fi,^) on A for which v is given as in 

(3.21) for a closed form (j) G fi'=+^(M) are called IM k-forms relative to (j). These 
special types of IM forms have first appeared in [5] (for k = 2), and more recently in 
[1] (for arbitrary k), in the study of multiplicative forms (see Section 4)- 

Remark 3.5. Let lc ■ C ^ M be an orbit of the Lie algebroid A — >■ M, i.e., an 
integral leaf of the distribution p{A) C TM. If {fi,u) is an IM k-form on A, then 
we have induced forms jic £ ^^{C) and vc £ ^^^iC) defined by 

It follows from (3.16) and (3.19) that the formulas above do define differential forms 
on C; moreover, (3.17) implies that dfj^c = I'c- In particular, we see that any IM 
k-form on a transitive Lie algebroid is like the one in Example 3.3. 

In order to prove Thm. 3.1, wc need some lemmas. We work in local coordinates 
{x^,u'^) on A, induced by coordinates (a;-') on M and the choice of a basis of local 
sections {e^^} of A (see Section 3.1). 

Lemma 3.6. Let x = {xi, . . . ,Xk) G ®^TM, where xi = {x^ ,xj) belongs to the l-th 
copy of TM. Then: 

(3.22) A(e,,„(xi, . . .,Xk)) = {-iT'^ lin+jLiMea), 

(3.23) A((re„)'=(a;i, . . . , Xk)) = li^iM^a) + ^^(e„)), 

seen as functions in C°°{®^TM) (see (1.1) for notation). 
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Proof. Writing A = dA^ + and recalling the local expressions of A^ and Ai, (see 
(2.10)), we have 

(3.24) A|(^,,„d) =^^^K%n...i,_i,d(a;) A dx^i A ... A dx"=-i + 

jj^^YyJ^h...i,.„dix)du'^ A dx^i A ... A dx^'=-i + 

^i^h...ik,dix)u'^dx'^ A ... A da;**. 

Wc write points in TA with coordinates {x^ ^u'^, ,u'^) in terms of horizontal tangent 
vectors and vertical tangent vectors as 

dxi du*^ i (xJ 

In particular, recalling the local sections Ca, and Tea of TA — >• TM from Section 
3.1, we have 



0(x) = x^ — — r , ea(x) = x^ — — r + — — , TeAx) = x^ — — r 



dx^ {xifi) dx^ du°- 



. d 



{xi,0) dx^ 



where x = {x^,x^) G TM. Using (3.2) and (3.3), formulas (3.22) and (3.23) follow 
from a direct calculation. □ 

Let {x^,ar[, ... , arj,) be local coordinates on ^''TM, and fix n G {1, . . . , A;}. 

Lemma 3.7. Let a G f2'(©*^rM) be such that L_d^a = Vj, and consider on 

Bill 

®^TM the local vector fields Xn = di-fj, V = v^{x)-^, and V'' = v^{x)-A- . 
Then Lyvi,j.^a = iyua. 

Proof. The proof follows from the identity i[x,Y] = ^xi-Y — iy^x and the fact that 

^ ~ ^"■§^'£^- '-' 

We now proceed to the proof of the main result. 

Proof, (of Theorem 3.1) 

To show that the map A in (3.15) is a Lie algebroid morphism (see e.g. [21]), the 
only condition to be verified is 

(3.25) A{[U, V]k) = C,^iu)HV) - A(C/) 

for all U, V sections of ®\TA — > (b'^TM. Since sections of type ea,n (core) and 
{TcbY (hnear) locally generate the space of sections of ®\TA — > ®^TM, it suffices 
to verify (3.25) taking U and V to be of these types. 

Core-Core: Let us consider two core sections ea,n and e^^m. Since \ea,ni'^b,rn\k = 
(3.12), condition (3.25) in this case becomes 

(3.26) £p^(g-„ „)A(efe,^) - /:p^(g-^_^)A(ea,n) = 0. 
Using (3.9) and (3.22), we see that 
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This condition is trivially satisfied when n = m, so we may assume that n > m (the 
case n < m leads to the same). Using Lemma 3.7, we see that the right-hand side 
of the last equation agrees with 

(— !)"■ ^Ik,n+l'^p{ea)^n-l,m+l^m-l,l^''i^b) = 
(-ir~^(-ir~^^fe,n+l-fn-l,m+l-Ci-l,lV(ea)M(e6)- 

Hence we obtain 

^Pkiea,n)M^b,m) = —Ik,n+l^n-l,m+l^m-l,l^p{ea)^''i^b)- 

An analogous computation leads to 

^Pk{eb,m)^i^a,,n) = -^fc,n+l-^n-l,m+l-^m-l,l Ve6)A*(^a)- 

It follows that (3.26) is equivalent to 

V(ea)M(e6) = -ip(et)l^{ea). 

Core-Linear: We now consider sections e";,^^ and {Tea)'', so that (3.25) reads 

(3.27) A{[{Tea)\e,,m]k) = £p,((Te„)*)A(e6,^) - £p,(^,_^)A((re„)'=). 
Using the linearity of A, (3.13) and (3.22), we have 

(3.28) A([(^e„)^ e,,m]k) = HC^bed,m) = C„^6(-l)"^~' t-+i4-i,i/^(e<i) 

= (-!)— i/|,^+i4_i,iM[ea,e,]). 

For each fixed n, consider the functions wi^n = ^^^n defined in (3.10), noticing 
the following identity (of local vector fields on (b'^TM) : 

(3.29) Wl^-^ = -[piea),Xn], 
where i;„ = x\-^. Using (3.29) and Lemma 3.7, we see that 

^Pk{iTea)'')^^b,m) = i^p{ea) + ^ ^W\-^ (-l)"'~^-^f,m+l^m-l,l/^(e&) 
\ 1=1 '''^*'/ 

where U = {Ui, . . . , C/fc-i) = (^^i, • • • , Xm-i, Xm+i, ■ ■ ■ , Xk)- It follows from (1.3) that 

(3.30) /:p^((rg^)fc)A(ef,,^) = {-l)"'~^Ik,ni+Jm-l,l^p{ea)t^i(^b)- 

Using (3.23) and Lemma 3.7, we obtain 

^Pk{e,,m)'^{{Tea)'') = >C i ^/|,i(dM(e„) + u{ea)) = ^f,,„+iV(ea)4-i,i(d/x(e„) + i^(e„)) 

= (-ir"'-f|,m+i4-i,iV(e.)(d/^(ea) + i^(ea)). 

Combining this last equation with (3.28) and (3.30), we see that (3.27) is equivalent 
to 

(3.31) fi{[ea, ebl) = Cpi^^^)ix{e^) - V(et)d/i(e„) - ip(eb)^{ea). 
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Linear-Linear: We finally consider condition (3.25) for two linear sections: 

(3.32) A([(Te„)^ {Te,)%) = /:,^((^,^).)A((re,)^) - /:,^((^,^).)A((re„)'=). 
Using (3.14) and the linearity of A, we have 

k 

A([(^e„)^ {Te,)%) = CtMTeaf) + E ^Ct,{xn)m,n) 

n=l 

k 

(3.33) = Ct,ll,{Med) + u{e,)) + E(-l)""'dC„^6(in)4Vi^ti,i/^(ed). 

n=l 

It follows from (1.4) (also using that /|^/x(ed) = 0, since //(e,^) is a (A; — l)-form) 
that 

k 

= /|,id(C„V(ed)) - ^{-ir^'dCi,{xn)li,,+,lti,Mea). 

n=l 

Comparing with (3.33), we conclude that 

(3.34) A([(Te„)^ {Te,)%) = li,{MCt,ea) + i^{Ct,ea)) 

= -ffc,i(d/^([ea, eft]) + u{[ea, Cfe])). 
Using Lemma 3.7, (3.29) and (1.3), we directly obtain 

(3.35) £,((r,„).)A((re6)'=) = + ^ ^^^^^ 4* i(d/x(eb) + u{eb)) 

\ n=l ' ^"""y 

Similarly 

(3.36) /:,((r,^).)A((Te„)'=) = ll,C,^,^)id,,{ea) + z^(e„)). 
Combining (3.34), (3.35) and (3.36), we see that (3.32) is equivalent to 

dnilca, efe]) + u{[ea, e^]) = /:p(e^)(d/i(eb) + u{eb)) - C pi^^^){dix{ea) + v{ea))- 

We may assume that (3.31) holds, in which case one can directly check that the last 
equation is equivalent to 

v{[ea,eb]) = £p(e„)i/(e6) - Zp(e^)di/(e„). 

□ 

4. Infinitesimal description of multiplicative forms 

In this section, we relate IM-forms on Lie algebroids with multiplicative forms 
on Lie groupoids. Let ^ be a Lie groupoid over M, with source and target maps 
denoted by s, t : — > M, respectively, multiplication m : Q^"^^ — )■ Q, and unit map 
e : M — > Q (that we often use to view M as a submanifold of ^). The Lie algebroid 
of Q is denoted by A{Q), or simply A if there is no risk of confusion; see Section 1. 

A /c-form a G VL^{Q) is called multiplicative if 

(4.1) m*a = pr^a + pr2a, 
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where pri,pr2 '■ G^"^^ — > G are the natural projections. Alternatively, one may define 
multiplicative forms in terms of a natural groupoid structure on TG over TM, known 
as the tangent groupoid, see e.g. [21]; it has source (resp. target) map Ts : TG — > 
TM (resp. Tt : TG — > TM), multiphcation Tm : (r^)^^) = T^^^) — y tG, and 
unit map Te : TM — > TG- This groupoid structure can be naturally extended to 
the direct sum ®gTG, k > 1, making it a Lie groupoid over ®^TM, with source 
(resp. target) map ©^Ts (resp. ®^Tt), multiplication map ®^Tm, etc. 
Let a G O^(^), and let us consider the associated map 

(4.2) a:©^r^?^M, a{Ui, . . . ,Uk) = iu^ ■ ■ -iu^ot. 
The following observation is immediate from (4.1). 

Lemma 4.1. a is multiplicative if and only if a is a groupoid morphism. (Here M 

is viewed as an additive group.) 

We denote the space of multiplicative A;-forms on G by f^muit(^) • 

4.1. From multiplicative to IM forms. Let ^ be a Lie groupoid over Ad, and 
consider the tangent lift operation 0,''(G) ^'^{TG), ol ^ olt-, recalled in Section 
2.3. Using the natural inclusion i^'- A = AG ^ TG-, we define a map 

(4.3) Lie : ^^{G) ^^{A), a ^ Lie(a) = i\aT. 

Given a &Qf^{G), let us consider the associated bundle maps n : 
and 1/ : A — > a''T*M, 

(4.4) {n{u),XiA...AXk-i) = a{u,Xi,...,Xk-i), 

(4.5) {u{u),XiA...AXk) = da{u,Xi,...,Xk), 

for Xi, . . . , Xfe G TM and u e A (here we use the natural inclusions TM ^ TG\m 
and A ^TG\m)- 

Lemma 4.2. The k-form Lie(Q;) G n'^(A) is linear and satisfies 

Lie(a) = dA^, + A,,. 

Proof. Let /3 G ^\G) be any i-form on G, and let us consider the I — 1-form on A 
given by i^r(/3) (see (2.13)), i.e., 

L*ATmu = {TLA\ufr{P)lA{u) = (rM|n)*(TpgL^(„))*i,^(„)/3 

= {T{pgotA)\u)\^(u)P- 

Prom the commutative diagram 




we see that 

4r(/3)k = {TqA\uY{Te\g^iu))\Au)l3- 
It immediately follows (see (2.9)) that 

''A'^(«) = ''A'^(da) = A,,. 
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Using (2.15), we sec that 

A = i.^(dr(a) + T(da)) = di^T(a) + t^r(da) = dA^ + K^. 



□ 



Recall that any groupoid morphism : Qi — t- Q2 defines a Lie algebroid morphism 
Lie('i/') : AQi — y AQ2 that fits into the diagram 



(4.6) 



Agi 



Lie(V') 



Ag2 



IS a 



When a € ^^{G) is multiplicative, we saw in Lemma 4.1 that a : ®^Tg — 
groupoid morphism; we consider its infinitesimal counterpart, 

Lie(a) : Ai®^Tg) M, 

where now M is viewed as the trivial Lie algebroid over a point. The natural projec- 
tion pg : Tg — > ^ is a groupoid morphism, and there is a canonical identification 
of Lie algebroids^ 

k 

A{(B'^Tg)= II AiTg). 

Lie(pg) 

Our next goal is to compare the following two maps: 

k 

Lie(a) : ©^r(^g) — y R and Lie(a) : JJ A{Tg) — y R. 

Lic(pg) 

The involution Jg : T{Tg) — y T{Tg) (sec (2.16)) defines an identification of Lie 
algebroids jg : T{Ag) — y A{Tg) via the diagram 



(4.7) 



nAg) 

TiAQ 

T{Tg) 



Jg 



A{Tg) 

'•A(TS) 

T{Tg) 



Note that the property Tpg o Jg = p^g implies that 

lAe{pg)ojg =pA. 
As a result, we have a natural identification of Lie algebroids, 

k k 

OJ^J- ^ — 

PA 



(4.8) 



j^^^ :Q>XTA = l[T{Ag)^ H A{Tg), 

Lie(pg) 



^Thc Lie algebroid A{Tg) TM is a VB-algcbroid [15, Sec. 2.1] with respect to the vector 
bundle structure Lie(pg) : A{TQ) — >■ A; the algebroid structure on A{TQ) can be extended to 
riLieCpg) ^(-^^) ™ terms of core and linear sections, just as described in Section 3.2. 
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fitting into the diagram 

(4.9) U';,T{Ag)^uL(p,)MTg) 



{'■A(Tg)f 

r. 



Lemma 4.3. Let a G O'^(^) he multiplicative. Then 
(4.10) Lie(a) o j^^'^ = U^a). 



In particular, Lie(a) : (B\T{Ag) — > M is a Lie algebroid morphism. 

Proof. By definition, Lie(a) = dao (<.^(t0))'^, and using (4.9) and (2.17) we obtain 

Lie(a) o jf = da o (^(Tg))'^ o ^ = da o J^"^ o {TiAg)" 

= afo {TiAgf = i\aT. 

□ 

Proposition 4.4. Let a G ^^{g) he multiplicative, and let fi and v he defined as in 
(4.4) and (4.5). Then (p,!^) is an IM k-form on Ag. 

Proof. Tlie result is a direct consequence of Lemmas 4.2, 4.3, and Tlieorem 3.1. □ 

4.2. Integration of IM forms. Let ^ be a Lie groupoid over M, with Lie algebroid 

A = Ag. Assume that g is source- simply- connected (i.e., the s-fibres are connected 
with trivial fundamental group), so that ®^Tg is also a source-simply-connected 
groupoid^. Let A G ^^{A) be a A;-form on A for which A : ®\TA — > M is a Lie 
algebroid morphism. 

Lemma 4.5. There is a unique multiplicative k-form a G ^^{g) such that Lie(Q;) = 
A (see (4.3) 

Proof. Since A is a morphism of Lie algebroids, the identification (4.8) also leads to 
a Lie algebroid morphism 

k 

(4.11) A o (j^'^')-! = Jl Airg) ^ A{®^Tg) m. 

Lie(pg) 

As ®^Tg is a source-simply-connected groupoid, we can use Lie's second theorem 
(see e.g. [21]) to obtain a unique groupoid morphism 

(4.12) /a : ®lTg M 



^Given any X = (Xi, . . . , Xk) £ ^''T^M, the projection {pg)'' : ®gTg — > Q makes the source 
fibre ((Ts)'=)"^(X) C TQ into an afflne bundle over the source fibre s"^(a;) C Q 
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integrating the morphism (4.11), i.e., such that Lie(lA) = Ao[jg ^. To check that 
I\ = a, for a G ^''{G), it suffices to verify that the following conditions hold: 

(4.13) lAiUi, ...,Ui,...,Uj,...,Uk)=- Ia{Ui, C/j, ...,[/„... , Uk), 

(4.14) 7a(C/i, . . . , Ui-i,cUi, Ui+i, ...,Uk) =c/a(C/i, . . . , U^), 

(4.15) Ia(C/i, . . . , Ui-i, Ui + Ui, Ui+i, ...,Uk) =Ia{Ui, ...,Ui,..., Uk)+ 

lA{Ui,...,Ui,...,Uk), 

for all Ui,U- G TgQ, g e Q, c E R, where 1 < i < j < k. As we now show, all 
conditions can be verified with the same type arguments (cf. [23]). 

To prove that (4.13) holds, one directly checks that the map I^^^^ : e^T^ — > R, 

I^;'\Ui,...,Ui,...,Uj,...,Uk) ■.= -lA{Ui,...,Uj,...,Ui,...,Uk), 

is a groupoid morphism, and Lie(/^*''^) : nLie(pc;) ^{TQ) — > M satisfies 

Ue{4'\Vu ...,Vi,...,Vj,...,Vk) = -Lic(/A)(Vi, . . . ,Vj, . . . ,V^, . . . ,Vk) 

= -Ao{j^^^)-\Vi,...,Vj,...,Vi,...,Vk) 
= Ue{lA){Vi,...,Vi,...,Vj,...,Vk), 

since A is skew-symmetric. So Lie(/^*"''*) = Lic(/A), and the uniqueness of integration 

in Lie's second theorem implies that I^^''^ = I a, which is (4.13). 

Similarly, for a fixed c G M, one can directly show that both the left and right- 
hand sides of (4.14) define groupoid morphisms (BgTQ — t- M, whose infinitesimal 
counterparts agree at the level of Lie algebroids due to the multilinearity of A. Then 
(4.14) follows again by the uniqueness part of Lie's second theorem. 

The last condition (4.15) can be treated in a completely analogous way, by first 
noticing that both sides of (4.15) define groupoid morphisms (Bg'^^TQ — > R, where 
now we need an extra copy of TQ for f/^'. Again, these morphisms agree at the 
infinitesimal level due to the multilinearity of A, and hence agree globally. 

The fact that a is multiplicative follows from Lemma 4.1, and the equality A = 
Lie(Q;) is a consequence of Lemma 4.3. □ 

A direct consequence of Lemmas 4.3 and 4.5 is that the map 

^^muit(6^)^^^'(^), «^Lie(a), 
is a bijection onto the subspace of A;- forms A G Q^{A) such that A : ©^T^d — ^ M is 
a morphism of Lie algebroids. By the correspondence in Theorem 3.1, this bijection 
can be alternatively phrased in terms of IM-forms on A: 

Theorem 4.6. Let Q be a source-simply-connected Lie groupoid over M with Lie 
algebroid A — > M. For each positive integer k, there is a 1-1 correspondence 

(4.16) <uit{Q)^^iM{A), a^{ti,u), 
where fj,, v are given by 

(4.17) {fi{u),XiA...AXk^i) = a{u,Xi,...,Xk-i), 

(4.18) {u{u), XiA...AXk) = da{u, Xi,..., Xk). 

Proof. The result follows from Lemma 4.2 and Theorem 3.1. □ 
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The following is a simple example of correspondence in Theorem 4.6. 

Example 4.7. Let us equip A = T*M — )• M with the trivial Lie algehroid structure 
(both anchor and bracket are identically zero), so we may identify Q = T*M (with 
groupoid multiplication given by fibrewise addition). Fixing ^ = Id : T*M T*M, 
then any vector-bundle map v : T*M l\^T*M defines an IM 2-form (/i, z^). When 
1^ = 0, then corresponds under (4.16) to the canonical symplectic form uJcan 

on Q = T*M; for an arbitrary v, the corresponding multiplicative 2-form is given, 
at each g = {q^,Pj) G T*M, by 

= i^can\g + C*Mt^{g) 

where cm '■ T*M M is the natural projection. 

Let us list some immediate consequences of Theorem 4.6, illustrating how the 

correspondence (4.16) restricts to subclasses of multiplicative and IM forms: 

(a) Let T] € Q^{M). Following Example 3.3, wc know that {fi, u), where fJ,{u) = 
—ip{u)f] and u{u) = —iptyj'^fli defines an IM fc-form. One directly verifies 
that the corresponding multiplicative fe-form is a = 5*77 — t*r]. 

(b) Let <j) G r2'^+^(Af) be a closed k-\- 1-form. Then Theorem 4.6 gives a bijective 
correspondence between IM fe-forms on A relative to (f) (i.e., u{u) = —ip{u)4>^ 
see Example 3.4) and multiplicative /c-forms a satisfying da = s*0 — t*(/). 
To verify this fact, just notice that da is a multiplicative {k + l)-form cor- 
responding to an IM [k + l)-form of the type discussed in item (a). This 
recovers [5, Thm. 2.5] when k = 2 (cf. [3]), as well as [1, Thm. 2] when k is 
an arbitrary positive integer. 

(c) Let a G f^muit(^) ^ given closed multiplicative fc-form, with associated IM 
/c-form (^„, Ua) (note that = 0, necessarily). It follows from Theorem 4.6 
that there is a 1-1 correspondence between multiplicative {k — l)-forms 9 
with dO = a. and vector-bundle maps /x : A — >■ f\^~'^T*M satisfying, for all 
u,v e V{A), 

VW^(^) = -^p{v)^^{u), n{[u,v]) = Cp(^^)fi{v) - ip^^)dn{u) - ip(^^)Ha{u). 

The reason is that (/Lt, /Xq) is the IM {k — l)-form associated with 9 (note that 
Ha satisfies (3.18) as a result of (/^a, z/q) being an IM /c-form for a and Va 
being zero). This correspondence is the content of [1, Thm. 3]. 

For A; = 2, one has further refinements of Theorem 4.6 based on the general study 
of multiplicative 2-fornis carried out in [5, Section 4], leading to natural generaliza- 
tions of twisted Poisson and Dirac structures (in the sense of [28]). On the vector 
bundle TM © T*M, consider the pairing ((X,a), {Y, P)) = P{X) -|- a(r), and the 
natural projections prr : TM © T*M TM and prr* : TM © T*M T*M. As 
in Theorem 4.6, we denote by Q the source-simply-connected Lie groupoid with Lie 
algebroid A ^ M. 

(d) Given an IM 2-form (/x, v) on A, we consider the vector-bundle map (p, /j,) : 
A TM ®T*M and its image 

(4.19) L = {{p{u),^i{u)) \ueA}cTM® T*M, 

which is a subbundle whenever it has constant rank. By (3.16), over each 
point of M, L is isotropic with respect to the pairing (•,■). It follows from 
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[5, Cor. 4.8] that, under the assumption that dim(^) = 2dim(M), the cor- 
respondence (4.16) restricts to a bijection between multiplicative 2-forms uj 
such that 

(4.20) ker(rs)^ n ker(a;)3; fl ^ei{Tt)^ = {0}, Vx G M, 

and IM 2-forms (/x, z^) for which L = L-^ (i.e., L is lagrangian with respect 
to (•,•); in particular, it is a subbundle with rank(L) = dim(M)) and 

(4.21) {p,f^)-A — >LCTM®T*M 

is an isomorphism of vector bundles. Moreover, t : Q ^ M relates co and L as 

a forward Dirac map (see, e.g., [5, Sec. 2.1]). If we define vl ■ L ^ A^T*M by 
^L{{piu) , P-iu))) = i^iu), then the identification (4.21) induces a Lie algebroid 
structure on L with anchor prxlL and bracket on T{L) given by 

(4.22) [{X,a),iY,/3)]L := {[X,Y], CxP - iyda - iYMX,a)). 

Conversely, if a lagrangian subbundle L C TM © T*M is equipped with 
ul: L ^ a'^T*M for which (4.22) is a Lie bracket on r(L), then A = L is a 
Lie algebroid with anchor pttIl', if i^L also satisfies (3.18), then {prT*\L,i^L) 
is an IM 2-form. Then, under the bijection (4.16), (p^'r* |li ^^l) corresponds 
to a multiplicative 2-form u on Q satisfying (4.20). Taking vl to be of type 
a) = —ix4> for a closed 3-form (f) G Q'''{M), we recover the integration 
of twisted Dirac structures by twisted presymplectic groupoids of [5, Sec. 2]. 
(e) When a multiplicative 2-form is nondegenerate, then dim(^) = 2dim(M) 
automatically (see, e.g., [5, Lem. 3.3]), and (4.20) trivially holds. Under 
(4.16), this situation corresponds to the case where the IM 2-form {p,u) is 
such that fj, : A ^ T*M is an isomorphism; in other words, L is the graph 
of a bivector field vr on M: L = {{ian,a) \ a G T*M}. Following (d) above, 
the fact that T{L) is closed under the bracket (4.22) is expressed by the 
compatibility condition 

^[7r,7r](a,/3,7) = ULi{ia-^,a)){ipTT,i^TT) 

for all a, /?, 7 G Q^{M). When is of type UL{X,a) = — ix</* for a closed 
3-form (j) G n^{M), one recovers twisted Poisson structures, and (4.16) gives 
their integration to twisted symplectic groupoids (cf. [8]). 

Remark 4.8 (Higher Dirac structures). Just as Dirac structures are special cases of 
IM 2-forms, the higher Dirac structures of [33] are particular cases of higher-degree 
IM k- forms; so Theorem 4-6 can he used to integrate higher Dirac structures as well 
(cf [33, Prop. 3.7];. 

Remark 4.9 (Path-space construction). We now relate Theorem 4-6 to the path- 
space approach to integration found in [5, 7, 8]. For an integrable Lie algebroid A, 
there is an explicit model for its integrating source-simply-connected Lie groupoid 
Q{A) [12, 27]; namely, G{A) is the quotient PA/ ^, where PA is the subspace 
of ^-paths in the Banach manifold of all paths from the interval I = [0, 1] 
into A with projection to M , and ~ is the equivalence relation defined by A- 
homotopies, see [12]. If A & ^'^{A) is a k-form on A, we use the evaluation map 
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ev : PA X I ^ A, {a{-),t) i-> a{t) to define a k-form A G Q'^(P^) by the formula 
(4.23) A = J dt ev*A. 

One verifies that, if A £ Q^{A) is a linear k-form, then the k-form A (4.23) is 
basic with respect to the quotient projection q : PA — )■ G{A), i.e., A = q*a for 
a € Q^{Q{A)), if and only if the induced map A (2.4) is a Lie algebroid morphism 
(i.e., if A is an IM k-form). In this case, the multiplicative k-form obtained by 
integration of the morphism A to G{A) (see Lemma 4-5) agrees with a, showing 
how the correspondence in Thm. 4-6 is viewed in the light of the path-space method 
(generalizing the approach in [5, Sec. 5]). 

5. Relation with the Weil algebra and Van Est isomorphism 

This section clarifies how hnear and IM-forms on Lie algebroids fit into the Weil 
algebra of [1, Sec. 3], and how the infinitesimal description of multiplicative forms 
relates to the general Van Est isomorphism of [1, Sec. 4]. 

Let ^ be a Lie algebroid over M. We consider the associated Weil algebra W{A) 
as in [1, Sec. 3], which is a bi-graded differential algebra. The space of elements 
of degree {p,k) is denoted by VF^'*^(A), and the differential on VF(A) is a sum of 
differentials d^ + d", where 

dh . WP'\A) WP+^'''{A), d" : WP'''iA) WP'''+\A). 

We will be mostly concerned with WP'^{A) for p = 0,1, 2. 

For p = 0,we have W^^''{A) = ^1^{M). An element Aw G W^^''{A) is given by a 
pair {{Aw)o, {Aw)i), where 

(5.1) {Aw\:V{A)^^^{M), {Aw)i e ^^-\M , A*) , 
subject to the compatibility condition 

(5.2) {^wUfy) = f{AwUu) -dfA {Aw)i{u), 

for / G C°°(M), ueT{A), and (Avk)i viewed as a C°°(M)-linear map 

(5.3) {Aw)i : r{A) n''-\M). 

An element cw G W^'''{A) is a triple {{cw)o, {cw)i, {cw)2), where 

(5.4) {cw)o •■ r{A) X r(^) Q\M), {cw)i : r{A) n''-\M,A*), 

{cw)2e^''-HM,S\A*)), 

and such that (cvk)o is skewsymmetric and M-bilinear, subject to suitable compati- 
bility conditions (extending (5.2)) that we will not need explicitly. 

We need to recall the expression for d^ restricted to W^'^{A). By definition (see 
[1, Sec. 3.1]), for Aw = {{Aw)o,{^w)i) e W^'^'iA), d^Aw G W'^^^{A) is given by 
(cf. (5.4)) 

(5.5) {d^Aw)o{u,v) = -{Aw)q{[u,v\) + Cp^y:){{Aw)Q{v)) - Cp^^^){{Aw)Q{u)), 

(5.6) {d^Aw)i{u){v) = £p(„)((Ai^)i(v)) - {Aw)i{[u,v]) + ip(„^{{Aw)Q{u)), 

(5.7) {d^Aw)2{u) = -ip^u){{^w)i{u)), 
for u,v e V{A). 
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We also need the expression for d" in the following particular situation. Any 
bundle map fi : A ^ /\^T*M (equivalently seen as a C°° (M)-linear map ji : T{A) — > 
r2'^(M)) defines an element /jLw € W^''^{A) by 

(5.8) (/iiy)o = = 0. 

In this case, (F{iiw) G W^'''+^{A) is defined by (see [1, Sec. 3.1]) 

(5.9) {dyiJ.w)o{u) = -d/i(u), {(fi^w)! = H- 
Proposition 5.1. Consider the map ip : ^ii^{A) — > W^''^{A), k = 1,2,..., 

A = dA^ + Aj, Aw ■= —d'"fiw + ^w- 

The following holds: 

(1) V induces a C°°{M)-linear isomorphism Q![^^{A) — > W^'*{A). 

(2) V o d = -d" o 

(3) il) restricts to a linear isomorphism fijj^(A) — > ker(d'*|^i,fe(^)). 

Proof. It is clear from (5.8) and (5.9) that the map '0 is injective. Let us check 
that any Kw G W^'^{A) can be written in the form —d^fiw + for C°°(M)- 
linear maps : T{A) — > ^'^-^(M), u : V{A) — > Vt^{M). Let us write Kw = 
((At^)o, (Avi/)i), and set /x = —{Kw)i- Then {d^ IjLw)i = —{^w)i, so the element 
c = d^ fjLw + Aw G W^'^{A) is such that ci = 0, which implies that c = vw for a 
bundle map v : ^ — > a''T*M. The C~(M)-linearity of ip results from the following 
properties: /dA^ = dA/^ - Ad/A^ and d"{fn)w = fd'"fiw - (d/ A /i)i^. Hence (1) 
is proven. 

To prove (2), writing A = dA^ + A,^, we have dA = dA,^. By definition of ip, it 
follows that V'(d A) = -d"i'w On the other hand, -d"{ip{A)) = -d"{-d" i^w+i^w) = 
—d'"i'w, hence (2) holds. 

For (3), we must consider the condition d^Aw = 0. Written in terms of its 
components (5.5), (5.6), and (5.7), we obtain three equations involving {Aw)o and 
(A^)i, which must be shown to agree with conditions (3.16), (3.17) and (3.18) in 
Thm. 3.1. Using (5.8), (5.9), we sec that 

(5.10) {Aw)o{u) = dn{u) + u{u), {Aw)i{u) = -fi{u) 

for all u € r(^), and it is clear that (5.7) and (5.6) coincide with conditions (3.16) 
and (3.17), respectively. 

For the degree-0 condition (5.5), using (5.10) and (3.17), we find 

i^{[u, v]) = dip^^)dn{u) + dip(^^)u{u) + £p(„)Z^(u) - £p^^)dn{u) - Cp^^)v{u). 

Using Cartan's formula Cx = ixd + dix, one directly verifies that the last equation 
agrees with (3.18). □ 

Let ^ be a source-simply-connected Lie groupoid over M, with Lie algebroid A — > 
M. There is a double complex U'^{G^^^) associated to Q, known as the Bott-Shulman 
complex, see [2]. It is equipped with a differential d : Q''{G^^) — > Q''{Q^'^^^), as well 
as the de Rham differential d : Q''{Q^p'>) — > Q''~^^{Q^p'>). The Van Est isomorphism 
constructed in [1] relates the cohomologies of fl''{Q^^) and W^'^^IA). We will only 
need a few results of the theory, for p = 0,1. 

For p = 0, J^^(g(°)) = n''{M) = W^'''{A), and 

d : n''{M) ^^{Q), d{ri) = t*r? - s*r?. 
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For p=l, the differential d : n''{g) — > n''{g'^^^) is 

d{a) = pr\a — m*a + pr2a, 
and the Van Est map of [1, Sec. 4] restricts to a map 

(5.11) V : ni^,,{g) = ker(9|n.(g)) kerCd'^l^i,.^^)) C W''''{A), 
given by 

(5.12) Y{a)o{u) = e*{diua + i^da), V(a)i(n) = -e*(z„a) 

where a G J^muit(^)' ^ ^(^) ('^^ ^^^^ ^ as a subbundle of TQ\m) and e : M ^ Q 
is the unit map of Q. The map V satisfies 

(5.13) Vod=-d''oV, Y{d{ri)) = d'^ri, 

for 77 G n*^(M). The general Van Est isomorphism of [1] implies that the induced 



map 



is a bijection. In this specific situation, a stronger fact holds. 

Proposition 5.2. The map V : ^'^^niQ) — > ker(d'*|^yi,fc(^)) is a bijection. 

The proof of the proposition uses the following observation (cf. [1, Sec. 6]). 

Lemma 5.3. Let a G W^'''iA), u G ^^^^^{Q) he such that d''a = and V(w) = 
—d"a. Then there exists a unique fi G J^muit(^) that 

Proof. The key fact to prove the lemma is shown in [1, Lem. 6.3]: for a closed /c-form 
a G i^muit(^)' V(o^) = if and only if a = 0. As an application, we see that uj is 
necessarily closed, since V(da;) = d"{d'"a) = 0. 

Since d^a = 0, the isomorphism (5.14) implies that there exists (5 G ^mult(^) ^^ch 
that V(^) = £7 + d^??. U /3 = ^-dr], then by (5.13) we have 

V(/3) = V(^) - Y{dri) = a. 

To conclude that d/3 = oj, note that d/3 — a; is multiplicative, closed, and V(d/3 — a;) = 
-dV + d'"a = 0. □ 

We can now prove the proposition. 

Proof, (of Prop. 5.2) Let us fix ^ G W^'''{A), d^(, = 0. Let a = -d^'C- Then d^'cr = 0, 
d'^a = 0, and Lemma 5.3 implies that there exists a unique (5 G ^^muit(^) ^^^^ that 

(5.15) Y{P) = a, dp = 0. 

Since V(/3) = —d"^, and, by assumption, d^(^ = 0, we can apply Lemma 5.3 to 
conclude that there exists a unique 6 G ^^muit(^) ^^^^ Y{9) = ^ and d6' = (3. 
But notice that the condition d9 = P is automatically satisfied if V(^) = ^, since 
V(d0) = a and the conditions in (5.15) determine P uniquely. □ 
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Composing the bijection (5.11) with the identification Q,iy^{A) = ]i.ev{d^\^rl,k{A)) 
of (3) in Prop. 5.1, we obtain a bijection 

Using (5.10) and (5.12), we see that this bijection is explicitly given by a i-)- (//, z^), 
where are defined as in (4.4), (4.5), hence agreeing with Theorem 4.6. 

6. The dual picture: multiplicative multivector fields 

In this section, we ihustrate how the techniques used in the paper to study in- 
finitesimal versions of multiphcative forms can be equally applied to multiplicative 
multivector fields. 

We keep the notation introduced in Section 2.1. We focus on the cotangent 
bundle ca '■ T*A ^> ^4 of a vector bundle A — > M, described in local coordi- 
nates {x^ , u'^ , pj , ^d) , where [x-',u'^) are relative to a basis of local sections {ea} of 
A. The local coordinates on A* relative to the dual basis {e*^} are denoted by 
{x-^:^d)'-, recall from (2.1) that we have a vector-bundle structure r : T*A A*, 
{x^ , u'^ , Pj , ^d) ^ {x^ ,id)- As in Section 2.2, we also consider the /c-fold direct sum 
®\T*A, described by local coordinates {x^ ,u'^,p^, . . . ^J, . . . , ^^), as a vector bun- 
dle over ^''A*, with projection map (x-', ■u'^,p], . . . ,Pj,^l, . . . ,^^) h-^ (^■'\4d> • • • 

As in Section 3.1, we will need special sections of the bundle ®'\T*A ®'^A*. 
For the bundle T*A — > A*, we consider local sections 

(6.1) dx'{x^,U) = ix^,0,Si,^d), e^ix',^d) = {x^,5iO,^d), 

which are core and linear sections, respectively; these sections generate the module 

of local sections of T*A — > A*, and the projection T*A — > A maps core sections to 
the zero section of A — > M and linear sections to the section . More generally, 
local sections of ©^T*A — > (B^A* are generated by sections of types 

(6.2) dS^'"(^i © . . . © ^^■) = o(e^) © . . . 0{e~^) © dx'i^) © 0(r+^) • • • ® 0(C'=), 

(6.3) {e^)\e ®...®e) = e^ie) ® • • • e e^i^), 

where © ... © € e'^A* and : A* T*A, 0{x^,^d) = {x^,0,0,^d), is the zero 
section. For each k, we will use these sections to express the natural Lie algebroid 
structure on @\T*A -)■ ©^^74*, similarly to Section 3.2. 

Using the notation in (3.4), the defining relations for the cotangent Lie algebroid 
structure on T*^ ^ A* are 

(6.4) [dx\dx^y^ = 0, 

(6.5) [etdx^]T'A = ^dx\ [e^e^],., = -^^cdx^ + C^a^e^, 

(6.6) p^.^(dx^) = p^A., p^.^^e^J = pi^±. + cU,±^. 

This Lie algebroid structure is extended to direct sums ®\T*A ®^A* in total 
analogy to what was done for the tangent Lie algebroid in Section 3.2; we adopt the 
simplified notation pj. = p^fcj^*^ and [•, ■\k = [•, -lefcT'A resulting anchor and 
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bracket^. Explicitly, the anchor is given by 
(6.7) 

whereas for the bracket we have 
(6.8) 

(6.9) [(e^)^ {ei;)% = CM)' 



[dS^'", dx^'-], = 0, [(e^)^ dx^'-]fe = l^dx^'- 



5Cf 



5x 



6.1. Linear multivector fields and derivations. Let vr G Af'^(74) = r(A'^r^) be 
a fe-vector field on the total space of a vector bundle qa '■ A M. Let us consider 
the function (cf. (2.4)) 



7f : ©^r*^ 



i, 7r(Ti, . . . , Tfc) = ZT^. . . .■iTiTT. 
We say that tt G X''{A) is linear if 7f defines a vector-bundle map 

(6.10) 



e^A* {*}, 

similarly to (2.8). One can directly verify that the notion of linear multivector field 
agrees with the one considered in [18, Section 3.2]. The space of linear /c- vector 
fields is denoted by X^^^{A). As in Lemma 2.2 (cf. (2.7)), TT is expressed in local 
coordinates {x^ , u'^) of A as 



(6.11) T^=T1^H ix)u''--T-A...A—^^ 

\ T^b^-bk-ljU\_^ A ^ A — 

(fc- 1)! ^ ' dv}'^ "' du''k-i dxi' 

Wc have the following analog of Proposition 2.5 for linear multivector fields, proven 
in [18, Prop. 3.7]: there is a 1-1 correspondence between elements in X^^J^M) and 
pairs ((5o,5i), where 5q : C°°{M) r(A'=-^^) and Si : T{A) r(A'=^) are linear 
maps satisfying 

(6.12) Soifg) = gdof + fSog, (5i(/n) = {Sof) Au + fSm, 

for all f,g& C°°{M) and u € T{A). Equivalently, one may view such pairs {do,Si) 
as restrictions of linear maps S : r(A*^) — r(A*"'"'^~^^) satisfying the property 

(6.13) S{u Av) = {Su) Av + {-1)^^''-^^ A {Sv) 

for u G r{APA) and v G r(A^^); i.e., (5 is a degree-(A; — 1) derivation of the exterior 
algebra r(A*^). For this reason, we denote both maps So and Si by S. The explicit 



Since tangent Lie algebroids are not used in this section, this notation should not cause any 
confusion with the one in Section 3.2. 
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correspondence between vr and 6 is given by'^ (see [18, Section 3.2]) 

(6.14) 7r(dZ^i , . . . , dZ^.-i , dq\f) = q*^(^6f, A ... A C^'^), 

k 

(6.15) 7r(dZ^i, . . . , dl^,){u) = 5;(-l)'+^'7r(d/^i, . . . , d^J, . . . , d/^^, dg:^(f , 

1=1 

-(,5n,^i A...AC*^), 

where / G C°°(M), u € r(A), C\ € ^(A*), and € C"^(A) is the linear 

function l^i{u) = In coordinates, we have 

(6.16) 5x' = ^^-l-^TT^^-f"'-^\x)eb,A...Aeb,_„ 5ea = -^7r^i-^H^)e6i A. . . Ae^,, 

where {e^} is a basis of local sections of A. 

Let ^ — >■ M be a Lie algebroid. The Lie bracket [•, •] on r(^) has a natural 
extension (still denoted by [•,•]) to the exterior algebra r(A*74), 

[•, •] : r(AM) X r(AM) ^ r(AP+'?-M), 

making it into a Gerstenhaber algebra (see e.g. [6]): for u G r(A^yl), v € T{A'^A), 
and w G T{A'^A), we have 

(6.17) [u, v] = -(-l)(P-i)(9-i) [v, u], 

(6.18) [u,vAw] = [u,v] Aw + {-l)^''^^'iv A[u,w]. 

The next result is the analog of Theorem 3.1 for linear multivector fields. 

Theorem 6.1. Let tt G X^^(A) be a linear k -vector field on a Lie algebroid A, and 
let 5 : r(A*^) T{A'^^~'^A) be the associated derivation (as in (6.14) and (6.15)J. 

Then the map W (6.10) is a Lie algebroid morphism if and only if 

(6.19) 6[u, v] = [6u, v] + [u, 5vl 

for all u G r(A^'74), v G r(A^74) (i.e., 6 is a {k — l)-derivation of the Gerstenhaber 
bracket). 

To draw a clear parallel with Theorem 3.1, we denote by '^^{A) the space of 
degree {k — 1) derivations 5 : r{A*A) — > r{A*~^''~'^A) of the Gerstenhaber structure 
(i.e., (6.13) and (6.19) hold), in analogy with IM A;-forms. 

Proof. We work locally, so the condition that 7f is a Lie algebroid morphism is 

(6.20) 7f([Ti, T2]fe) = C,^ir,M'^2) - C^.^r^M'^i), 

where Ti,T2 are local sections of e^TM ^ 0*^^* of types (6.2) or (6.3) (cf. (3.25)); 

hence, just as in the proof of Theorem 3.1, there are 3 cases to be analyzed. The 
assertion of Theorem 6.1 is a direct consequence of the following claims: 

(cl) Let Ti = dir*'' and T2 = dx^'"\ U I = m, then (6.20) is automatically 
satisfied; if Z 7^ m, then (6.20) is equivalent to 

(6.21) 6[x\x^] = [5x\x^] + i-lf-^ix^Sx^] = 0. 

'''To see that (6.14) and (6.15) determine the linear fc- vector tt, note that fibres of T*^ ^ ^ are 
generated by elements of types dl^ and dq\f, and by linearity idg;^/2*dq^/i7r = 0. 
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(c2) Let Ti = dx*'' and T2 = {ej; f. Then (6.20) is equivalent to 

(6.22) 5[x\eb] = [Sx\eb] + [x\Seb]. 

(c3) Let Ti = (e^)* and T2 = (e^)^. Then (6.20) is equivalent to 

(6.23) S[ea, Cb] = [Sea, Sb] + K, Scb]. 

In order to prove claims (cl), (c2) and (c3), we need some general observations. 

For any function F : (B'^A* — > M which is fc-linear over C°°{M) and skew symmetric, 
let $F e T{a''A) be the unique element such that 



E.g., for F(^\...,^^) = -F^i-^'^Cbi • • -Cbj, with F^'i-^'^ totally antisymetric in its 
indices, we have = ^F^'^-^''eb-^ A ... A 6;,^.. We will consider the cases where 
F = Tf{dx^'"^) and F = W{{e^)''). Using the local expressions (6.2), (6.3) as well as 
(6.11) and (6.16), one may directly verify the following identities: 



(6.24) W{dx^'"'{^\...,^'')) = (-l)'=-"^^(5x^Ci A... AC"*A... A^'^ 

(6.25) 7f((e^)*^(?i, . . = -{Sea, A . . . A 



where the notation A ... A ^™ A ... A .^^^ means that is omitted. 

Let us now consider F{^^, . . . , = F^^-^''^^_^ ' "^h vector fields pfc(da;*'^) 

and Pkii^a)^) on (b'^A*, see (6.7). Then a direct computation shows the following 
identities: 



(6.26) /:,^(d3,M)(F(e\ • • • ,e')) = (-l)\[^^ A . . . A ^' A . . . A 

(6.27) 'C,^((e„^)^)(^(C\ • • • = {[ea, ^F],e A ... A ... A e'^). 
Prom (6.24) and (6.26), we directly see, assuming that I < m, that 

c,^i^^,){w{dx^n{e,...,e)) = 

{-iy+''-"'(^[x\ 6x^],^^ A ... A A ... A e" A ... 

'Cp,(da-.,'")(vf(dx^'')(e\...,e')) = 

{-ir-^+''-^([x\6x%^^ A...A^^A...Ae"A...Ae'= 



Combining these two equations with (6.17), we conclude that claim (cl) holds. 

To prove the other two claims, note first that the derivation property for functions 
in (6.12) implies that 

(6.28) Sf = ^Sx\ feC^{M). 
As a result, since [efe,x*] = Cpi^^.^-^x'^ = p\, we have that 

(6.29) 5[x\ eb\ = -5[eb, x'] = -^Sx^ . 
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Using the second formula in (6.8) together with (6.24) and (6.29), we obtain 

(6.30) W{[dx''\ ie^)%ie, . . = -{-lf-'(^^5x\e A ... A f A ... A 

= {-if-'(5[x\e,ief\---f\d^---/\e)- 

Combining (6.24) and (6.27), as well as (6.25) and (6.26), we immediately get 

(6.31) £^^((,.).)(7f(dx^''(C\ . . .,e))) = {-l)'-'{h,Sx%e A ... A A ... A^'^ 

(6.32) /:,,(dJM)(vf((e^)^(e\ . . . , e))) = -i-iy{[x\ 6e,],e A ... A A ... A C'). 

Now claim (c2) is a direct consequence of (6.30), (6.31) and (6.32). 

Finally, to prove (c3), we observe a few facts. From (6.28), we see that 

Q(jc 

(6.33) S[ea, eb] = 6{C',,ec) = -^Sx^ A ee + C^ab^ec. 
The usual formula for the wedge product gives us the identity 

^{Sx^ Ae,,e^...Ae)= ^{-l)'-''^C{Sx^ , ^1 A . . . A e A . . . A e'^) ; 

n=l 

using it, we immediately obtain from (6.9), (6.24) and (6.25) that 

(6.34) 7f([(e^)^ {e^)%{e, • • • , ^')) = -{s[ea, e,],e A ... A 
On the other hand, from (6.25) and (6.27) we have that 

(6.35) /:,,((,.).)(7f((e[)'=(e\ . . = -([ea, det,],^ A ... A e)- 

Using (6.34) and (6.35), we can immediately verify that claim (c3) holds. □ 

6.2. Infinitesimal description of multiplicative multivector fields. We now 

discuss the analogs of the results in Section 4 for multiplicative multivector fields. 

Let ^ be a Lie groupoid over M. Its cotangent bundle T*Q has a natural Lie 
groupoid structure over A*, known as the cotangent groupoid of Q, see [9] and 
[21] for a full description. For us, it will suffice to recall that the unit map 'e : A* ^ 
T*Q\m identifies A* with the annihilator of TM C TQ, and that the source map 
s:T*g ^ A* IS defined by 

(6.36) (s{ag),u) = {ag,Tlg{u-Tt{u))), ag £ T*g, u e A^i^g), 

where Ig denotes left translation in Q. Note that ? is a vector-bundle map covering 
s : g ^ M; using coordinates (z') on Q, it has the form 

(6.37) siz\ai) = {5{zy,C'a{z)ai) e ^*|s(.). 

We will not need the explicit expression for C^(^;), just to note that ?(dt*/) = for 
all / G C~(M) (by (6.36)), which implies that 

(6.38) c^(^)^^=o, V/gC~(M). 
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Similarly to what happens for the tangent groupoid, the cotangent groupoid struc- 
ture extends to direct sums ®gT*Q over ®''A*. A multivector field 11 G X''{Q) is 
called multiplicative if the associated map 

(6.39) TT:e^r*a^R, n(Ci,...,a) = ^a---Kin 

is a groupoid morphism (cf. Lemma 4.1). We denote the space of multiplicative 

A;- vector fields on Q by '^inuit(^)- 

Remark 6.2. We may equivalently consider the map 

(6.40) n« : e^-ir*g ^ Ta, n«(Ci,...,Cfc-i) = ^^-1 •••^cin, 

and verify that H is multiplicative if and only if n" is a groupoid morphism. 
Let us recall, see e.g. [23] , the identification of Lie algebroids 

(6.41) eg : A{T*g) ^T*{Ag), 

which extends to an identification 9^ : A{e'^T*g) = Uuc{cg) MT*g) ^ e^TM 
{eg : T*g g is a. groupoid morphism). Given LI G '^mult(^)' consider the 
infinitesimal map Lie(n) : A{(BgT*g) — ^ M (see (4.6)), as well as the composition 

(6.42) Lic(n) o (0^)-i : e^TM ^ M. 

The exact same arguments as in Lemma 4.5 directly show that there is a unique 
A;- vector field Lie(n) G X''{A) satisfying 

(6.43) Lie(n) = Lie(n) o {9^)-^ ; 
moreover, the map 

'^muit(^)^^'(^), n^Lie(n), 

is a bijection onto the subspace of /c- vector fields vr G X^^{A) for which vf : Q)^T*A — >■ 
IR is a morphism of Lie algebroids. An immediate consequence of Theorem 6.1 is 

Corollary 6.3. There is a bijective correspondence 

(6.44) A',U((?)^^iii(^), n^<5, 

where 6 is the derivation associated with tt = Lie(n) G -^il^iA) (via (6.14) and 

(6.15);. 

This result is parallel to Theorem 4.6, except that it provides no explicit way of 
computing S directly out of LI (analogous to (4.17) and (4.18)). This missing aspect 
will be clarified in the next section. 

6.3. The universal lifiting theorem revisited. For u G r{A^A), let us denote 
by u'' the corresponding right-invariant p-vector field on g. As observed in [18, 
Section 2], given LI G '^muit(^)' ^^^^ [n,'u''] is again right invariant, which means 

that there exists 5nu G T{AP+''-'^A) such that (^n^^)'' = [n,n^]. One can check that 
the map Su ■ L(A*'A) — ^ r{AP^''~^A) is a derivation of the Gerstenhaber structure, 
i.e., Su G KiiM). 

Proposition 6.4. The map ^^yj^{g) — > '^im(^)) n dn, where 6n is defined by 

(6.45) i6nfY = [UXf], (dnuY = [U,u^], 

for f G C"^(M) and u G ^{A), coincides with the map (6.44); in particular, it is a 
bijection. 
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The fact that the correspondence in Proposition 6.4 is a bijection is the universal 
lifting theorem of [18] (see Theorem 2.34 therein), which we recover here as a con- 
sequence of Corollary 6.3. We need to collect some observations before getting into 
the proof of Proposition 6.4. 

Let us consider the isomorphism 

(6.46) e:T{T*g) ^T*iTg), {z^ , a, , i^' , ) ^ {z^ , z^ , dj , a, ) , 
which is related to the identification 9g in (6.41) via 

(6.47) 9g = {TLAYoeoi^^T,g^, 

where (TlaY is the fibrewise dual to the vector-bundle map Tla '■ TA — > i\T{TQ) 
(the composition in (6.47) is well defined since Qoiji^^j,.g'^{A{T*g)) C L\T*{Tg); this 
can be derived directly from (6.37)). For a fc-vector field IT £ X^{g), its tangent 
lift is the /c- vector field YIt G X'^iTg) defined by the condition (cf. (2.17)) 

(6.48) rI^ = d^o(e-^)^ 

where dTT : T{®gT*g) = \{^^^ T{T*g) -J- M is the differential of the function TT in 

C7~(e^r*a) defined by (6.39). 

Remark 6.5. As observed in [13], one may alternatively define the tangent lift Ht 
in terms of Xl" (6.40) 

(6.49) : (B'fg^T*{Tg) ^ T{Tg), = (Jg)-^ o TH* o (8-^)^'=-^), 
where Jg : T{Tg) T{Tg) is the involution (2.16). 

When n is multiplicative, it follows from (6.43) that 

(6.50) 7f = Lie(n) = o (e o LAT*g o Og'^f. 

We will need this characterization of vr in the proof of Proposition 6.4. 

For local computations, it will be convenient to consider adapted local coordinates 

(6.51) {x^y'^) on ^ around M C ^, 

where y*^ are coordinates along the s-fibres. We will also use the induced coordinates 
((x-?,/), ix^,y'^)) on Tg, and similarly for T*g, T{T*g) and T*{Tg). In these co- 
ordinates, LA - A^ Tg\M, lAix^u'^) = {{x^,0),{0,u'^)), and Tla ■ TA L\T{Tg) 
is given by 



T i -j ^ ''^ ^ 

dxi du'^ 



; d d 
' . -)- ^" 

dx^ dy^ 



, ue A, 

tA(«) 



whereas for {TlaY : i\T*{Tg) T*A we have 

{TiA)\pjdx^ + -fady"" +Pjdx^ + 7a'^y")LAH = (Pjdx^ +7a'^^")Ui u e A. 

Since the unit map e : A* ^ T*g\M identifies A* with the annihilator of TM C Tg, 
given ,f G T{A*), locally written as {x^ ,^d), the local 1-form on g given by 

(6.52) ?(x^/)=^,(x)dy'^ 

extends ?(^(x)) to a neighborhood of M in ^. We denote by l^ € C'^{Tg) the 

linear function determined by ^. The following lemma is key to compare the map in 
Proposition 6.4 with the map (6.44). 



32 

Lemma 6.6. Let J = Q o iAT*g ° Og^ '■ T*A — )• l\T*(TQ), and let uo G A. Then, 
for any f G C°°(M) and ^ eT{A*), we have 

(6.53) J(d(ZA/lno)=d(t7)1.^(.o)> 

(6.54) j7(dZ^U) = (dZ^~+d/i-)|,^(„„), 

where ^ means the pull-back of functions on Q by pg : TQ — >■ Q, and h G C'^{Q) is a 
function that vanishes on M C Q. 

Proof. The proof follows from some observations, all of which can be checked through 
computations in adapted local coordinates {x^,y'^) as in (6.51). 
The first observation one can directly verify is that 

(6.55) {TLA)\d{t*fn^^^^)=dqy\u, ueA. 

Using the local expression (6.37) for the source map?, the property (6.38), and 
the definition of 0, a direct computation shows that 

(6.56) 7^(G-Hd(t*/)1.^(„))) = G T^*|,^H, QAiu) e M c A* . 

It follows that 0~^(d(t*/)^|j^(„)) is in the image of tA{T*g)j hence there is a unique 

T G r*A|^^(„) such that 

0-Hd(tV)1.,(u)) = M(T»g)(^6'(T)), i.e., ^(T)=d(t*/)1.^(„). 

Using (6.55) and (6.47). we conclude that T = dq'^f\u, which proves (6.53). 
With respect to the coordinates {{x^ ,y'^), {x^ ,y'^)) on TQ, one can write 

(6.57) dZ^~|,^(„) = ||n«da;^ + ^„dy« G r*(re?)|,^(„), 
from where we conclude that 

(6.58) (T.^)*(dy ,^(„)) = (|§«"dx^' + Udu''^ [ = lA^kW G T*A\u. 

Let us now consider J{q\dl^) G i\T*{Tg). Since Q-'^{J{q\dl{)) lies in T{T*g)\A*, 
one can directly verify that J{q\dl£) can be written as 

Pjdx^+7„dy" + 7„dy", 

i.e., its components relative to dx^ vanish. By (6.47), (TiAf{J{q*Adl^)\u) = q^dl^lu, 
so from the second equality in (6.58) we conclude that pj = ^u"' and 7a = i.e., 

JiQAdklu) = (^||«'^dx^ +7ady" + eadr) l^^^y 

For each given uq G A, one can find h G C'^{Q) vanishing on M C Q and such 
that d^^lt^(uQ) = 7(j(iA(tio))dy'', and (6.54) follows by a direct comparison with 
(6.57). □ 

We will need the following immediate observations about linear functions on vector 
bundles. 

Lemma 6.7. Let qs '■ B ^ N be a vector bundle, with coordinates {x^ ,b'^) relative 
to a basis of local sections {e^}, and consider b = b'^ea G ^{B), b^ = b'^-^ G X{B), 
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and (5 = Pae'^ € r{B*). Let Ip G C°°{B) he the linear function defined by (3, and fix 
6o = h{xQ) G B, for a given xq G N . Then C^vlp = q%{l3, h) and 

(6.59) Z^(6o) = (Av//3)(6o)- 
We now prove Proposition 6.4. 

Proof, (of Proposition 6.4) 

Let TT = Lie(n), and consider . . . G V{A*) and / G C°°(M). Let us fix 

uo G A, Xo = q'A('"o) S By (6.50) and Lemma 6.6, we have 

7r(dZ^i, . . . , dZ^fe_i, dq\f)\uo = TIt{J dZ^i, . ..,J dl^k-i,J dg^/)|,^(„o) 

(6.60) = Uridl^, + d/i^, . . . , dl^,_, + d/^Li, d(t7)")L^(„o)> 

with hi G C°°(^), /ijIm = 0, and as in (6.52) . We directly check from the 
definition of Ht that it is a hnear multivector, Ht G X^^{TQ), so (see footnote 7) 

(6.61) idf.i^f.UT = 0, V/i,/2GC~(^?). 
Hence the expression in (6.60) agrees with 

(6.62) Uridl^,,. . . , d/j-,_i, d(t*/)")L^(no) = [Ht, (t7)1(d/j-i, • • • , d/^~,_i)L^(no), 

where [•, •] is the Schouten bracket on X*{TQ). 

Let us consider the vertical lift operation X*{Q) X*{TQ), H H^: in co- 
ordinates (z') on Q, it sends the vector field Y = Y^-^ to Y^ = Y^^, and this 
is extended to a graded algebra homomorphism of multivector fields. From the 
Schouten bracket relations for vertical and tangent lifts, see e.g. [14], we obtain 

[UT,{t*fy] = [ii,t*fv = mfrr. 

Letting xq = QAiuo) G M, a direct computation in coordinates (6.51) shows that 

e(a;o)' 



xo 



'6nf,e^---^e-' 

from where it follows that 

7r(d/^i, . . . , dl^k-l,dq*Af)\uo = (Suf, A ... A C''^) = qll^uf, A . . . A 



xo 



Uo 



Comparing with (6.14), we conclude that 6 (see (6.44)) and 6n agree on C°°{M). It 
remains to check that they agree on r(^). 

We now consider . . . , G r{A*) and describe 7r(dZ^i, . . . , dl^k)\uo in terms of 
Su- By (6.50) and (6.54), we have (keeping the notation of Lemma 6.6) 

7r(dZ^i, . . . , d/^fc)|„o = UriJdl^i, Jdl^k)\uo 

(6.63) = Uridl^, + dh^ ...,dl^, + dhDl^^^^y 

Prom (6.61), we see that the expression nT(dZ^i + dh^, . . . ,dl^k + dh^) can be re- 
written as 

k 

(6.64) nr(d«^i, . . . , dl^,) + ^nT{Jdl^i, Jdl^,-i,dh),Jdl^j+i,. . . , Jdl^k). 
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We claim that, for all j = 1, . . . ,k, we have 

(6.65) UTiJdl^i,. . . , Jdl^,-i, d/i}, Jdl^,+i, Jdl^,) = 0. 

To see that, recall from Remark 6.5 that Ut satisfies o eC^^^) = { Jg)~^ o rn" , 
and, since Xl" : (Bg~^T*Q — )• TQ is a groupoid morphism (see Remark 6.2), 

It follows from (4.7) and the definition of J that n}.o J'(^-i) C Tla{TA) C i\T{Tg). 
Relative to the adapted coordinates {x^,y'^) in (6.51), elements in Tla{TA) C 
i\T{TQ) are combinations of and whereas d/ij|t^(„) is in the span of dy*^. 
So (6.65) follows, and we conclude that 

(6.66) 7r(d/^i,...,dZ^fe)|uo = nT(dZ|i, . . . , dZ|),)|,^(„o). 

To proceed, we observe that nT(dZ~i, . . . ,dZ^fe) defines a linear function on TQ, 
and, using (6.59) in Lemma 6.7 (with B = TQ), we write 

(6.67) nT(dZ^i, . . . ,dl-^k)\iA{ua) = ^{uryi^ridl^i,- ■ . ,dl^k))lA{uo)^ 

where u G r(^) is such that u{xo) = uq. But 

£(„r)v(nT(dl^i, . . . ,dl^fe)) =(/:(„r)vnT)(d/^i, . . .,dl^^:) 

k 

+ ^ nr(d/^i , dZ^,_i , £(„r.)v {dl^j ) , dZ^^+i , . . . , d/^^ )) , 

and note that 

V)v(dz^~0 = di^iu^y, r-iuryiiT = [u',uY = -{{duuyr, 

where we used the Schouten-brackct relations for tangent and vertical lifts in the 
second equation. One can directly check that 

{{duuyr {dl^„. . . ,dZ|-,)|,^(„„) = ((<5^u)^e' A ... A 1^) = (Suu,e A ... A 



e(a;o) 



Thus >C(„r)v(nr(d/|^i, . . . ,dl^,,))l^(^uo) equals 



5n«,^^ A ... A ^'^^ +Y, nT(d/^i, . . .,dl^,_„d{e{u'^)y,dl^j+„. . . ,dl^,)|,^(„,). 



Using local coordinates {x^,y'^) as in (6.51), one can check the identity 

d(^^■(n^))1.,(„„) = d(t*(e^n»^L^(„„) + d/^JL^(,„), 
where hj G C°°{Q) vanishes on M C ^. It follows that 
(6.68) UT{dl^„ . . . ,dl^^_„d{e{uny,dl^,+„. . . , d/^~,)|,^(„„) = 

nT(d/^i, . . . , dl^j_, , d{t*{(,^,u)y,dl^j+i,. . . , dl^k)\cA{uo) + 
nT(dZ^i, . . . ,dZ^j_i,d/iJ,dZ^j+i, . . . ,dl^k)\tA{uo)- 
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Using the linearity of Ht (see footnote 7) and (6.65), we see that 
nT(d/^i, • • • ,d/^j_i,d/i}',di^,.+i, . . . ,d/^fe) 

= UriJdl^, Jdl^j_, , dh],Jdl^^+, Jdl^^) = 0. 

A direct comparison with (6.60), (6.62) gives that 
nT(dZ^i, . . . ,d/^,_i,d(t*(^^ «))'', d^^,+i, . . .,dl^k)\tA{uo) = 

(- l)*^-%(d/^i , . . . , 35 , • • • , dl^k , dq\{e , u) ) |„o 
Going back to (6.66), we finally conclude that 

7r(dZ^i , . . . , dl^k)\uo = - ('^li^^ '^^ ^ • • • ^ '^*') L 

k 

+ 5^(-l)*^-%(d/^i, . . . , d/^,, . . . , dl^,,dq\{e,u))\^,. 

i=i 

Comparing with (6.15), we conclude that S = 6u- D 
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